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Abstract: The origin of the signature dependence of E2-transition matrix elements is studied by analysing
the microscopic structures of the quasiparticle-vibration-coupling wave functions, We show that
the phase rule of signature dependence stemming from the gamma-vibrational contributions can
be related to the signature splitiing of quasiparticle energies. We also discuss the nucleon-number
dependence of vibrational effects and show that the results of various models can be understood
consistently.

1. Introduction

Recent experimental progress has made it possible to measure not only energy
spectra but also electromagnetic transition probabilities between high-spin states in
the near-yrast region. These quantities give us information about the static and the
dynamic nuclear deformations at the high-spin states. The effects of the static triaxial
deformation on electric quadrupole transitions in high-j unique-parity bands in
odd- A nuclei were studied by Hamamoto and Mottelson '). They showed an axially
asymmetric nuclear shape gives rise to the signature dependence of the E2-transition
matrix elements. Later, lkeda ’) showed that the gamma vibrations in axially sym-
metric nuclei also bring about the signature dependence. Both calculations repro-
duced the staggering in the B(E2, AI = 1) values, which is in the same phase with
the experimental data for '""Ho [ref. >)] where the odd-quasiproton lies in the mid
mhyy, shell region. On the other hand, Onishi et al. *) made a calculation in which
both the static triaxial deformation and the fluctuation around it are taken into
account, and they obtained the signature dependence of B(E2, Al =1) whose phase
is opposite to the experimental data in ref.?). In these works, the particle-rotor
model was used and it was found numerically that the K =2 component of the
quadrupole moments brings about the signature dependence of the E2-transition
rates.

In the preceding paper °) we proposed a new microscopic model which can take
into account both the static and the dynamic triaxial deformations and analyzed
available experimental data for electromagnetic transition rates in rotating odd-A
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nuclei. The effective intrinsic operator for non-stretched E2 transitions in this
microscopic model °) has three parts: the rotational, the vibrational and the odd-
quasiparticle parts. As was shown in refs. >°), we can see directly from the operator-
form of the rotational part, which contains the static quadrupole moments @, and
Q-, how the static triaxial deformation affects the B(E2, AI =1) values. On the
other hand, the signature dependence of the matrix elements associated with the
vibrational part is not easy to understand, because the properties of these matrix
elements are determined by the detailed properties of the quasiparticle-vibration-
coupling wave functions.

In the present paper, we study the microscopic mechanism of the signature
dependence of B(E2, Al = 1) stemming from the vibrational contributions in high-j,
unique parity bands in odd-A nuclei. We do this by analyzing the structures of the
quasiparticle-vibration-coupling wave functions. The nucleon-number dependence
of the signature-dependent effects is studied both analytically and numerically. We
show that the phase rule of the signature dependence is related to the signature
splitting of quasiparticle energies.

We give a brief review of our formulation in sect. 2. In sect. 3 the origin of the
signature dependence of the E2-transition matrix elements is studied. The nucleon-
number dependence is discussed in sect. 4. Concluding remarks are given in sect. 5.

2. Structures of the E2 matrix elements

The quasiparticle-vibration-coupling hamiltonian can be derived from the pairing
plus doubly stretched quadrupole interaction in rotating frame, and takes the
following form™:

Hcoupl(Y) = Z" A;+)(MV)(X§(+)aLaV + Xy(+)aza,¢)
My
+¥ A Nuo (X ana:+ X, ata,)
ni
+Y AV ()X asa,+ Xy a,a;) - (2.1)
f123

The coupling vertices with gamma-vibrational phonons Xi(i) are classified by the
signature quantum number r=+1, and are given by**

AP (ury=- ¥ kT (wr),
K =012

AT i) =— ¥ KOTOO N (up),
K=1,2

A (p)=— ¥ «OT0 (), (2.2)
K=1,2

* The double prime attached to ¥ denotes that when the component {uv) is summed its signature
partner (47) should also be summed.
** The contributions from the residual pairing interaction in the r=+1 sector are omitted in this

expression for simplicity.
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where

T =10, X i) Irra (2.3)

with Q'’s denoting the doubly stretched quadrupole operators 7). Diagonalization
of I;Ymupl(*y) gives the intrinsic wave functions of the following form:

o (@70} = £ t//‘n“(u)ai;lquZ v (wy)an X old)
‘S‘Z P ayyaz Xl léy+- - (for the r=—isector), (2.4)

where |[¢) is a triaxially deformed reference state in even-even nuclei.
The effective operator in the principal axis (PA) frame for the E2(41=1)
transitions is written as

1 . j{qw ,j(;;p) }{qp} . 1
?’?}—{ 30y =~ +Qa( T )}4— I+, (29)

0 Iy

where operators éz_l and expectation values Qx (K =0, 2) are quantized along the
x-axis and the z-axis, respectively, with

1 A 1A . N ,
E Q;A!g} :2 {[Xn, -; Qz-{}RPAXn [ m QZ X}R? Xn} - {\26}
#n A

The matrix elements for the transitions from the r=-i to the r=~1i states are
given by

(PAS;

(Xn(wrm); X"' {wi‘ﬁl)>

=7 (tffi”{;z)x&?)(ﬁ)+tf/‘;.3’(f-w)¢/§?f}(777))

g

o~ ia ZED o, LU L) | 100 un) - of i |

+L tﬁi}}(ﬁ?}gﬁ’?(@?}

F737

x {—— 0, HE, oz(-z m«”(,“ AL ’7)) O (u) + Q‘;’W))}

0 1y

+ (Z @ifi“{;z}z#‘,-ﬁ‘{wﬁ)v%{ TV =T

+ (Z df‘,,”(ww(ﬁ‘-)(ﬁ)) AT+ T, 2.7)
where we used the relation )

=0y =0T -0, (2.8)
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when evaluating the last two terms in eq. (2.5). The vibrational contributions are
given by the last two lines in eq. (2.7) including the RPA transition amplitudes TY’
(K =1, 2) associated with the gamma-vibrational phonon. Matrix elements for the
transitions from the r = -7 to the r=-i states can be obtained in the same way.
We see from these expressions that the anti-hermitian parts that involve the operator
ify and the K =2 contribution QAY) give rise to the signature dependence in all the
three parts in eq. (2.5).

The phase rule of the signature dependence stemming from the rotational part

can be obtained by the approximate relation *>°)
g = (~1y% 2EL jeap (2.9)
! hwo ©

where I, and j denote the angular momenta of the initial state and the odd-
quasiparticle in the high-j, unique parity orbit, respectively, and #w,, and AE are
the rotational frequency and the signature splitting of the quasiparticle energies.
Using this relation we can rewrite the rotational part of eq. (2.5) as

— K
{“J%Qﬁ 02(2(“1)"‘*"&]5—!“)}13 (2.10)

3
ﬁ‘*"'31‘01 I ]

in a good approximation. This expression shows that, if the vibrational and the
odd-quasiparticle contributions are neglected, B(E2, u - f) is larger than B(E2, f—u)
when @, and Q- have the same sign. Henceforth we use the notations f and u for
the favoured state {1 —j = even) and the unfavoured state (I —j = odd), respectively.
Hamamoto obtained ®) an expression similar to eq. (2.10). But her expression applies
only for the case of j=3.

3. Origin of the signature dependence of the E2-transition matrix elements
associated with the vibrational part

As was pointed out in sect. 2, the signature dependence of B(E2, AT = 1) associated
with the vibrational contributions comes from the difference of the relative phase
between the main term involving Q, and the terms involving T$~. This phase
difference is a consequence of the anti-hermitian property of é‘[). While the phase
rule is determined by the properties of the quasiparticle-vibration-coupling wave
functions.

The vertices A, (u#) in eq. (2.2) give the coupling strengths between the one-
quasiparticle state |r=-+i) and the one-quasiparticle-one-gamma-vibrational state
X |r=—i), while A}(#u) give those between |r = —i) and X ,_)|r =+i). In other
words, when r=+i is the favoured signature |o; a €f) and X )|B; Becu) are
coupled with the strengths A (u7) while |; a euyand X, ,|8; B f) are coupled
with the strengths A ’(#u). When r=—i is the favoured signature, the roles of
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A (up) and A(5u) are exchanged. Using the symmetry property ')
QW (w9) = ~(=1)*Q () , 3.1)
we can rewrite A (u¥) and A (5u) as
AP w) = (kO TG )+ 8 TEXAO ()
Ay, ) = =0 TIEQY ) — w§ T QL w)) (3.2)

Using these expressions the wave functions (2.4} for yrast states are reduced, in the
first-order perturbation theory, to

[upy=allp)+8.al X} |d),

|0 = arlé)+ 8cal X )ld), (3.3)
with
5 o AYOf )
b AE_h(A).Y(_) ’
AL (yu, )
= TAE— hoy )’ (3.4)

where AE is defined by AE = E,— E,.
The matrix element (2.7) and its signature partner can be written as

(f>w)) 5. (fJIw (f]if, u) <f|fzfu>)
(U*f)}ﬂ \/ZQO Iy 2 I\ " I

+V3UA Oy £ (11 QL)) V(8,4 8) TS £ (8,~ ) TE) . (3.5)

e

With the help of egs. (3.4}, (3.2) and (2.3), the linear combinations of perturbation
amplitudes in eq. (3.5) can be written as

XOTOEO

ot 5=
Wy

8= 8= XS TS0 wy, (3.6)

W=y

when AE < fiw,.., holds. We used the relations between the doubly stretched
quantities and non-stretched ones:

..__)—w Wy A, ~__)_C() 0)'»/«_“ .
Q(l - ZZXQ(I}s Q% - XZ‘Q(Z)s (37)
wy Wy
and
2 2
(=) [ PePx) ) () [ PxOy)
X1 = w2 Ki s X2 = 2 Kz ', (3.8)
0 0
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in the derivations of eq. (3.6). Expressions (3.5) and (3.6) show that the gamma-
vibrational contributions bring about the signature dependence such that B(E2, -
u) is larger than B(E2, u~ f) when the sign of (f|.J,|u) is opposite to that of (£1057 )
and @, is positive. Note that the odd-quasiparticle contribution also gives rise to
the same signature dependence. But its magnitude is much smaller than that of the
vibrational contributions discussed above.

The quadrupole operators with r=—1 in a single-j shell-model are represented
by replacing the coordinate x by the angular momentum J [ref. ®)] as follows:

QA(lb) = ‘2\/§CO%{fx9 jz}’
0570 =2v3e iy, if}, (3.9)

3 do
R e .10
o 167 j(j+1)° (3.10)

where g, is a constant with dimension [ L*]. We now assume that fx in eq. (3.9) can
be replaced by an aligned angular momentum i, when we deal with the lowest-energy
quasiparticle states. Making use of the relation (2.9) we then obtain

|AE|

Q“(z—)(qp) = —(~1)"7 —f-,———— QA{]_)(‘“’) . (3.11)
Wyt

with

The relation (3.11) implies that the matrix elements (f|Q%”|u) and (f}O!{”}u) have
the same sign. Numerical values of these matrix elements for the N =90 isotones
are shown in fig. 1. These matrix elements are presented as ratios to (f|J,|u) for later

2
{fm*®) N =90
2+ figor= 0.2MeV
1 -
0 e
- A R NS N NN N N

Cs Le Pr Pm Eu Tb Ho Tm Lu

Fig. 1. Ratios of the single-quasiparticle matrix elements of quadrupole operators and the angular

momentum between the lowest-energy signature-partner states in the #h,,,, shell at fiw ,, =0.2 MeV are

plotted in {(fm?) as a function of the proton number for the N =90 isotones. The solid and the broken

lines represent the ratios (f{Q\ ™ u)/(f1].uy and (105 "u)/(£]7_]u), respectively. The favoured signature

is r=+i in this case. Parameters used in these numerical calculations are 8™V =0.20, y'**" =0 and

A,=4,=1.0MeV. Chemical potentials are determined such that the particle numbers are correctly
reproduced at hw,, = 0.
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convenience. Although there are some deviations in absolute values, the approximate
phase relation (3.11) is fulfilled except for the case of '*'Pm where its value is close
to zero.

Since we obtained a relation between (f|Q%'[u) and (f|Q! Ju), the phase relation
for the signature dependence of B(E2, AI = 1) can be related to the signature splitting
of the quasiparticle energies. From the commutators between h’ and (fz, ijv) in the
prolate limit, we can derive the following identities between the quasiparticle matrix
elements

—AE(f|J.|u) = heoo(f|i], |u)

~AE(f|id,Ju) = hoodflJ |0y + Vaof1 Q5 ). (3.12)
Using these identities we obtain the relation
[0y # AE \’
< |Q} |u>: wrut{( ) _1} (3‘13)
<f Jz u) \/gao hwrot

We, therefore, conclude that the gamma-vibrational contributions make B(E2, f-u)
larger than B(E2, u~f) when (AE/ hw,,)” is smaller than unity and Q, is positive.
Note that when we cannot neglect AE/hw,,_,, the cross terms, which are usually
small, between the K =1 and the K =2 contributions remain. Since the transition
amplitudes T{” and T.~ associated with the gamma-vibrational phonon always
have the same sign numerically, the signature dependence originated from these
cross terms is also determined by eq. (3.13).

4. Nucleon-number dependence of the signature-dependent effects

The origin of the signature-dependent effects of the gamma vibration on the
E2-transition matrix elements has been clarified in the preceding section. We discuss
in this section the nucleon-number dependence of this effect and present the result
of numerical calculations.

The signature splitting AE appearing in eq. (3.13) depends on the nucleon number
and the rotational frequency in a rather complicated way, it depends also on the
equilibrium shapes (8, y) and the pairing gaps (4,, 4,). Of course properties of
the gamma-vibrational modes also depend on the nucleon-number and the rotational
frequency. In order to see the shell-filling dependence of the signature-dependent
effects avoiding the complications associated with the changesin (8, y) and (4., 4,),
we have performed numerical calculations for the N =90 isotones with constant
deformation parameters 8°°V=0.20, y* =0 and A,=A4,=1.0 MeV. The quad-
rupole-force strengths are fixed such that we obtain Aw,.,= 0.8 MeV, hwg = 1.0 MeV
and Awng+, =0 at hw,, =0 for each nucleus. The pairing-force strengths and the
chemical potentials are fixed such that the above-mentioned pairing gaps and the
correct nucleon numbers are reproduced at hw,.,, =0 for each nucleus.
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The signature splitting AE is smaller than the rotational frequency #hw,., when
the chemical potential lies higher than the mid «h,,,, shell region to which experi-
mental data for B(E2, Al = 1) are available. On the other hand, when the chemical
potential lies low in the wh,,,, shell region, the ratio 4E/ hw,,, can become larger
than unity*. This is because the decoupling matrix elements (f|J|f) and (u|J|u)
which already exist at fw,,, = 0 greatly contribute to AE in such cases. Numerical
examples can be seen in figs. 19 and 20 of ref. >). Numerical results for the ratio
AE/ hw,,, for the N =90 isotones are shown in fig. 2. The ratio decreases smoothly
as the h,y,, shell is filled and crosses unity around the '*'Pm nucleus.

N=90
Awrot=0.2Mev

AE /ﬁWrot
Ny
]

1 i i I i { |
Cs La Pr PmEu Tb Ho Tm Lu

Fig. 2. Ratios of the signature splitting of the quasiparticle energies AE = E_ ~ E; and the rotational
frequency hw,, = 0.2 MeV. Parameters used are the same as in fig. 1.

The ratios B(E2, f->u)/B(E2, u—f) obtained by using the exactly diagonalized
wave functions, in which the gamma vibration with r = +1 is also taken into account,
are presented in fig. 3. As is expected from eq. (3.13) and fig. 2, the sign of the
signature-dependent effect is inverted in the vicinity of the '*Pr nucleus. Here we
note that small contributions from the odd-quasiparticle part (in the second line in
eq. (3.5)) and from small but finite expectation values of Q, (in the first line in eq.
{3.5)) due to the breaking of the self-consistency between the shape of the potential
(given by B and y®°") and that of the density are contained in this result;
typically the former is a few percent of each B(E2) value and Q,/ Qy is 0.001 in the
latter.

The result shown in fig. 3 is consistent with that of all the previous works: (i)
When the Fermi surface lies at the mid wh,,,, shell region, the signature splitting
is smaller than the magnitude of the rotational frequency. In this case, the gamma-
vibrational contributions enhance B(E2, f- u). This is the case discussed by lkeda ?)
and in our previous works *®). (ii) When the Fermi surface lies low in the why,,
shell, the signature splitting is larger than the rotational frequency. In this case, the

* The statement made in ref. ®) that the ratio AE/ hw,,, is less than unity applies only for the Z =63
region considered in this reference.
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Fig. 3. Ratios of B(E2, Af = 1). The doubly stretched quadrupole-force sirengths are determined such

that the vibrational frequencies hw., ., fiwy and hwy,; ., become 0.8 MeV, 1.0 MeV and 0, respectively,

at fiw,,, =0 in 3-major shell calculation. The pairing-force strengths are determined so as to reproduce

4,=A4,=1.0 MeV. Other parameters are the same as fig. 1. In the cases of *"Ho and '**Tm, the signature

dependence is weaker than that in figs. 9 and 10 of ref. *). This is because a smaller energy gap is used

in the present calculation in order to approximately reproduce the average value of the experimenial
odd-even mass differences in the "*Cs-"*'Lu region.

gamma-vibrational contributions enhance B(E2,u-f). This is the case discussed
by Onishi et al. *).

The phase relation {3.13) can be understood also from another point of view:
The pairing factor appearing in the a’ a part of the operators fa and if, are {uii + vb),
while the corresponding part of the quadrupole operators A‘,;”s contain the factor
(uii — v0). The relative sign between these factors changes as the occupation number
in the why,,, shell changes.

5. Concluding remarks

We have studied the signature-dependent effects of the gamma-vibrational contri-
butions on B(E2, A =1) in rotating odd-A nuclei from the microscopic point of
view. The signature dependence is brought about directly by the K =2 components
of the quadrupole operators both in the rotational part and the vibrational part in
the E2-transition matrix elements. We have established the phase rule for the
signature-dependent effects associated with the gamma vibration in relation to the
signature splitting of the quasiparticle energies. The magnitude of the signature
splitting changes depending on the occupation probabilities in the wh,,,; shell. Thus
the signature-dependent effects are expected to exhibit a characteristic nucleon-
number dependence: Namely, B(E2,f->u)} is enhanced in the mid wh;,;,, shell
region while B(E2, u—f) is enhanced in the beginning of the wh,,,,» shell region,
if the effects of the static triaxiality are small. Needless to say, the phase rule found
in this paper applies also to any unique-parity band other than the wh,,,, orbital.

Experimental data for the E2-transition rates in nuclei whose Fermi surfaces le
low in the wh,,,, shell have not been available yet. These data are desired to test
our theoretical prediction experimentally.
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