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Spatial structure of quark Cooper pairs in a color superconductor

Masayuki Matsuzaki*
Department of Physics, Fukuoka University of Education, Munakata, Fukuoka 811-4192, Japan

~Received 28 October 1999; published 24 May 2000!

The spatial structure of Cooper pairs with quantum number color3* , I 5J5L5S50 in ud 2 flavor quark
matter is studied by solving the gap equation and calculating the coherence length in full momentum range
without the weak coupling approximation. Although the gap at the Fermi surface and the coherence length
depend on density weakly, the shape of ther-space pair wave function varies strongly with density. This result
indicates that quark Cooper pairs become more bosonic at higher densities.

PACS number~s!: 12.38.Mh, 26.60.1c
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Color superconducting phases of strongly interacting m
ter at high density and low temperature@1–3# have attracted
much attention recently. They were studied first as an
ample of pair condensation in relativistic many-body syste
by Bailin and Love in the early 1980s@4# ~see also Ref.@5#!.
They also mentioned the nucleon-nucleon pairing as ano
example; its detailed study was begun in the early 1990s@6#
and has been developing recently@7–10#. A study of the
quark-quark pairing in an SU~2! color model was done a
almost the same time@11# ~see also Refs.@12,13#!. The work
of Iwasaki and Iwado on a 1 flavor system@14# was the first
study of the realistic SU~3! color system~see also Ref.@15#!.
Since the works of Rappet al. @16# and Alfordet al. @17# on
a ud 2 flavor system, color superconductivity has been st
ied extensively. The1S0 (J5L5S50) state in the 2 flavor
case@18# and the color-flavor-locked state in theuds3 flavor
case@19–23#, respectively, have been understood to be
most favored channels. The magnetic interaction has b
shown to be responsible for these pair condensations@24–
29#. Their astrophysical consequences were also stu
@30,31#.

The purpose of this Brief Report is to visualize the spa
structure, in particular its density dependence, of quark C
per pairs, which has not been discussed, to the auth
knowledge. This is done for Cooper pairs of the simpl
form; color 3* , isosinglet 1S0 pairs in the 2 flavor system
To this end, calculations are performed for zero tempera
under an instantaneous approximation while fullk depen-
dence is retained. That is, we allow strong coupling in
sense that momenta far from the Fermi surface also con
ute. We will mention briefly the frequency dependence la

We start from deriving the gap equation forD(k) repre-
senting the gap for color3* , isosinglet 1S0 pairs composed
of two quarks which are time-reversal conjugate to ea
other with respect to space and spin,

Dks f i,k8s8 f 8 i 85~21!1/2 2sdk,2k8ds,2s8e f f 8ê i i 8D~k! ,

e f f 85S 0 1

21 0D , ê i i 85S 0 1 21

21 0 1

1 21 0
D , ~1!
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wheres, f, and i denote spin, flavor and color, respectivel
Note that time-reversal is represented byT times complex
conjugate, andT52 iCg5. We work in a Hamiltonian for-
malism since it is more convenient than the Gor’kov form
ism @32# in the present study in which only the pair conde
sate is considered. The latter might be more suitable w
the coupling between the pair condensate and the chiral
densate@17# is considered. Such a formalism has alrea
been developed for the nuclear system@7,9# although the

N-N̄ condensate is negligibly small@9# due to a large
nucleon mass. The resulting 12312 Hamiltonian matrix

S Ek2m D

2D* 2~Ek2m!
D ,

Ek5Ak21Mq
2, m5EkF

, ~2!

is easily block diagonalized to two 636 matrices by inspec-
tion. Then they are fully diagonalized along the lines of the
flavor case studied in Ref.@14#. By expressing the pair con
densate in terms of the Bogoliubov coefficients, we obta

D~p!52
1

8p2E0

`

v̄~p,k!
D~k!

E8~k!
k2dk ,

E8~k!5A~Ek2EkF
!213D2~k!. ~3!

As for the residual interaction, we adopt the one glu
exchange interaction with the leading order screening.
though the gluon propagator therein contains a gau
dependent term in general, it vanishes due to the equatio
motion of the external quark@27#. Then we proceed to a
static~instantaneous! approximation@14,15,18#. At this step,
the dynamic magnetic screening drops. By performing a s
average and an angle integration to project out theS-wave
component, we obtain
©2000 The American Physical Society01-1
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v̄~p,k!52
p

3
as

1

pkEpEk
F ~2EpEk12Mq

21p21k2

1mE
2!lnS ~p1k!21mE

2

~p2k!21mE
2D

12~6EpEk26Mq
22p22k2!lnUp1k

p2kUG ,

mE
25

4

p
asm

2 . ~4!

The running coupling constant is taken from Ref.@33# as in
Refs.@15,18#,

as~q2!5
4p

9

1

ln@~qmax
2 1qc

2!/LQCD
2 #

,

q5p2k, qmax5max$p,k% , ~5!

with parametersqc
2 5 1.5LQCD

2 , LQCD50.4 GeV.
The frequency dependence of the gap, which is bey

the present formulation, has been shown recently to cha
the asymptotic behavior of the gap in the weak-coupling
proaches@24,26,28#. There frequency dependence appe
both in the gluon propagator that determines the interac
and in the other part of the integrand in the Eliashberg eq
tion @24,26,23#. Only the effects of the former can be es
mated approximately here by modifying the magnetic par
Eq. ~4! as

2
p

3
as

1

pkEpEk

3~6EpEk26Mq
22p22k22mM

2 !lnS ~p1k!21mM
2

~p2k!21mM
2 D ,

mM
2 5~ uq0uasm

2!2/3 ,

wheremM
2 is originating from the Landau damping@26,27#

and the frequencyq0 is an independent parameter here due
the nature of the present formulation. Evidently this simp
weakens the magnetic attraction and accordingly monot
cally reduces the gap at the Fermi surface,D(q0

510 MeV)/D(q050)50.70, D(q0550 MeV)/D(q050)
50.53, atkF52 fm21, for example, while theq0 depen-
dence of the coherence length~defined later! is rather weak.
In the Eliashberg equation the gap is given as a function
p0, whereq05p02k0 and the equation includes the integr
tion with respect tok0. Its p0 dependence was numerical
studied in Refs.@26,23#, where the gap exhibits a maximum
at intermediate densities whereas decreases monotonica
asymptotically high densities.

In the following, we concentrate on the static case a
present numerical results in three steps. As for the qu
mass,Mq5 10 MeV is adopted according to Ref.@14#. First
we discuss the gap at the Fermi surfaceD(kF) and the co-
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herence lengthj as functions of the Fermi momentumkF ,
which is related to the baryon density asr52kF

3/3p2 in the
present 2 flavor case. The coherence length is defined as@34#

j5S E
0

`Udf

dkU
2

k2dk

E
0

`

ufu2k2dk
D 1/2

, ~6!

in the strong coupling case, in terms of the pair wave fu
tion,

f~k!5
1

2

D~k!

E8~k!
, ~7!

which is identical to the pair condensate up to phase fact
In Fig. 1~a!, D(kF) is graphed forkF51.523.25 fm21,
which corresponds tor/r0.1.5215 if the normal density of
symmetric (N5Z) nuclear matter is defined asr0

52(kF)0
3/3p2, (kF)051.30 fm21 @35#. This shows very

weakkF dependence; the superconducting phase survive
to practically infinite density; for example,D(kF560 fm21)
.50 MeV. We confirmed that the gap is predominan
brought about by the magnetic interaction; about 50% of
total gap remains when the electric interaction is cut art
cially while only 5 – 10 % remains when the magnetic part
cut. This magnetic dominance can also be deduced from
strongkF dependence ofv̄(kF ,k) @Fig. 2~c! below# except at

FIG. 1. ~a! Pairing gap at the Fermi surface, and~b! coherence
length and average interquark distance, as functions of the F
momentumkF .
1-2
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k.kF where the magnetic interaction gives very strong
traction irrespective ofkF , in contrast to the weakkF depen-
dence ofD(kF). The coherence length is shown in Fig. 1~b!.
This can be compared with the Pippard length in the w
coupling theory,j05kF /pD(kF)m.1/pD(kF) ~see for ex-
ample, Ref.@36#!; the magnitudes ofj are approximated
fairly well by j0 whereas thekF dependence is different. Th
average interparticle distanced5(p2/2)1/3/kF , derived from
rq53r51/d3, is also shown in the figure. The magnitud
of j andd are very similar to each other as in the nucleo
nucleon case@10#, whereasj is 3 – 4 orders of magnitude

FIG. 2. ~a! Gap function,~b! pair wave function, and~c! matrix

elementv̄(kF ,k), as functions of the momentumk, calculated at
kF51.523.0 fm21. Note that, in~c!, k5kF is excluded since a
this point the diverging magnetic interaction does not contribute
the gap equation@38#.
01750
-

k

-

larger thand in metals. This indicates strong coupling featu
in the sense that quark Cooper pairs are compact and th
fore bosonic. That is, fermion exchange is less when th
mutual overlap is small. IfMq is changed to 100 and 30
MeV, for example,D(kF) decreases to 90 – 98 % and 54
81 % of the original values, respectively, forkF51.5
23.25 fm21, whereas the changes inj are negligibly small.

Another quantity which can be compared withj is the
London penetration depthlL , which is defined by
Am/4pes

2rs in the relativistic case, wherees and rs are the
electric charge of the Cooper pair and the density of
superconducting component, respectively. This expres
can be derived from the relativistic Ginzburg-Landau theo
developed in Ref.@4# ~see also Refs.@30,25#!. In the present
ud 2 flavor case,lL.2028 fm for kF51.523.25 fm21 is
obtained by adoptinges5

2
3 e1(2 1

3 )e and rs5
2
3 rq . Al-

though Bailin and Love concluded that quark matter is
superconductor of the first kind,j.A2lL , based on their
estimate,D(kF);1 MeV @4#, the present quantitative stud
shows that quark matter is a superconductor of the sec
kind at these densities as pointed out in Ref.@30#. At asymp-
totically high densities, however, it changes to a superc
ductor of the first kind since the penetration depth decrea
rapidly as density increases. One should note that these
cussion applies only to a part of magnetic field since
original photon and a gluon combine to a massless ‘rota
photon although both the electromagnetic U~1! and the color
SU~3! break in color superconductors as recently discus
in Ref. @37#.

Next, we turn tok dependence at eachkF . The compact-
ness of the Cooper pairs mentioned above indicates spr
ing of D(k) @Fig. 2~a!# and f(k) @Fig. 2~b!# in k space.
Figure 2~a! shows thatD(k) spreads to largerk at higher
densities as expected, while the width off(k) in Fig. 2~b!,
which corresponds to 1/j, is almostkF independent as men
tioned above since the quasiparticle energyE8(k) in the de-
nominator in Eq.~7! grows ask goes away fromkF . The
asymmetric shapes off(k) reflect the smallness ofj. Its
width is similar to that ofv̄(kF ,k) in Fig. 2~c!.

Finally, we Fourier transformf(k) to

f~r !5
1

2p2E0

`

f~k! j 0~kr !k2dk , ~8!

o

FIG. 3. Pair wave function as a function of the distancer, cal-
culated atkF51.523.0 fm21.
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where j 0(kr) is a spherical Bessel function, in order to loo
into the spatial structure of quark Cooper pairs more clos
The result is shown in Fig. 3. This quantity has already b
discussed for nucleon Cooper pairs in non-relativistic@39,40#
and relativistic@10# studies. Although the coherence leng
j, corresponding to the root mean square distance with
spect to this wave function, is almostkF independent, the
shape off(r ) is stronglykF dependent; large-k components
in high-density cases bring nodes inr space. Conversely
f(r ) is diffuse at low densities. In other words, quark Co
per pairs become more bosonic at higher densities.

To summarize, we have studied numerically the spa
structure of quark Cooper pairs in the color3* , isosinglet
1S0 channel by solving the gap equation in full momentu
v

v

,

ev

n
,

.

da

01750
y.
n

e-

-

l

range. Although the long-range magnetic interaction is p
dominantly responsible for the quark-quark pairing, the g
function spreads also in momentum space. The resulting
herence length is almost density independent as well as
gap at the Fermi surface and is of magnitudes similar to
average interquark distance. The dependence of the
wave function~condensate! on the relative momentum an
on the distance between two quarks that form a Cooper
has been presented. This indicates that quark Cooper p
become more bosonic at higher densities although the co
ence length is almost density independent.

The author thanks T. Hatsuda for informing him of R
Horie’s master thesis in Ref.@18# and for the communication
of Ref. @38#.
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