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Dirac sea effects on superfluidity in nuclear matter

Masayuki Matsuzaki*
Department of Physics, Fukuoka University of Education, Munakata, Fukuoka 811-4192, Japan

~Received 14 August 1998!

We study two kinds of Dirac sea effects on the1S0 pairing gap in nuclear matter based on the relativistic
Hartree approximation to quantum hadrodynamics and the Gor’kov formalism. We show that the vacuum
fluctuation effect on the nucleon effective mass is more important than the direct coupling between the Fermi
sea and the Dirac sea due to the pairing interaction. The effects of the high-momentum cutoff are also
discussed.@S0556-2813~98!06712-0#

PACS number~s!: 21.60.2n, 21.65.1f, 26.60.1c
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Superfluidity caused by the pairing correlation betwe
two nucleons with the linear or angular momenta opposite
each other is a key ingredient to describe quantitatively
thermal evolution of neutron stars and the structure of fin
nuclei. As a way of description, relativistic models are
tracting attention. The origin of relativistic nuclear mode
can be traced back to the work of Duerr@1#. Since Chin and
Walecka succeeded in reproducing the saturation proper
symmetric nuclear matter within the mean-field theo
~MFT! with the no-sea approximation@2#, quantum hadrody-
namics~QHD! has described the bulk properties not only
infinite matter but of finite spherical, deformed, and rotati
nuclei successfully@3,4#. These successes indicate that t
particle-hole~p-h! interaction in QHD is realistic. However
various observables of nuclear many-body systems are
sitive to the single-particle properties around the Fermi s
face. Knowledge of the residual particle-particle~p-p! inter-
action is required to describe them. Since this is still le
understood, nonrelativistic interactions such as Gogny fo
are used in the pairing channel in practical ‘‘relativistic
MFT calculations.

The first study of the relativistic p-p interaction for th
pairing channel in the nuclear medium was done by Kuc
rek and Ring@5#. They adopted, as the particle-particle inte
action (vpp) in the gap equation, a one-boson-exchan
~OBE! interaction with ordinary relativistic MFT paramete
which gave the saturation under the no-sea approximat
The resulting maximum gap was about 3 times larger t
the accepted values in nonrelativistic calculations@6–11#.
Various modifications to improve this result were propos
They can be classified into two groups: One is to adopt
vpp which is consistent with the p-h channel@12–14#, and the
other is to adopt effective ones which are not explicitly co
sistent with the p-h channel@15,3,16#. Among the former, we
examined the p-h polarization invpp which reduced the pair
ing gap in the nonrelativistic models@17,18#. But the result
was negative; this suggests that the nucleon-antinuc
(N-N̄) polarization should be taken into account simul
neously@14#. Before doing this, the antinucleon degrees
freedom have to be taken into account in the OBE step
done by Guimara˜es et al. @12#. In this paper, we discuss
more important effect of the Dirac sea than what they d
cussed.

*Electronic address: matsuza@fukuoka-edu.ac.jp
PRC 580556-2813/98/58~6!/3407~6!/$15.00
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Our formulation consists of three steps. In the first st
the equations of motion of the normal and the anomal
Green’s functionsG and F are derived. We start from the
ordinarys-v model Lagrangian density

L5c̄~ igm]m2M !c1
1

2
~]ms!~]ms!2

1

2
ms

2s2

2
1

4
VmnVmn1

1

2
mv

2 vmvm1gsc̄sc2gvc̄gmvmc,

Vmn5]mvn2]nvm . ~1!

The Hamiltonian densityH is derived fromL and the chemi-
cal potentialm is introduced in the HamiltonianH85*(H
2mc†c)d3x. The equations of motion for

Gab~x2x8!52 i ^0̃uTca~x!c̄b~x8!u0̃&,

Fab~x2x8!52 i ^0̃uTc̄a~x!c̄b~x8!u0̃& ~2!

are derived fromi ] tc5@c,H8#. Here we note that the
Green’s functions have to be defined by the superfl
ground stateu0̃& in order to introduce the antinucleon in th
next step. Aside from this, this first step is essentially
same as the formulation of Ref.@5#. After evaluating the
commutator with the interaction term inH8, the meson fields
are eliminated by using the inverse of the Klein-Gord
equations. Here the gauge term in the propagator of thv
meson can be discarded sincev couples to the baryon cur
rent which is conserved on average in the present super
case. The result is

~p”2M1g0m!agGgb~x2x8!

5dabd4~x2x8!1 iVag,de

3^0̃uTce~ t,y!c̄d~ t,y!cg~x!c̄b~x8!u0̃&,

~2p”̃2M1g0m!gaFgb~x2x8!

5 iVga,de^0̃uTce~ t,y!c̄d~ t,y!c̄g~x!c̄b~x8!u0̃&,

Vag,de52gs
2Dsdagdde1gv

2 Dv~gm!ag~gm!de ,
3407 ©1998 The American Physical Society
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Di5
1

2D1mi
2 ~ i 5s,v!, ~3!

with x5(t,x) andp”̃5 ib(] t2a•“). Here we introduced an
instantaneous approximation since it was reported in the
ceding works@12,13# that retardation effects are small. Th
time-ordered products on the right-hand side are decomp
in the manner of Gor’kov@19# by extending Wick’s theorem

^0̃uTce~ t,y!c̄d~ t,y!cg~x!c̄b~x8!u0̃&

52red8~0!gd8d
0 iGgb~x2x8!1rgd8~x2y!

3gd8d
0 iGeb~y2x8!2kge~x2y!iF db~y2x8!,

^0̃uTce~ t,y!c̄d~ t,y!c̄g~x!c̄b~x8!u0̃&

52red8~0!gd8d
0 iF gb~x2x8!1reg8~y2x!gg8g

0

3 iF db~y2x8!1kd8g8
* ~y2x!gd8d

0 gg8g
0 iGeb~y2x8!,

~4!

where the normal and the anomalous densities are

rab~x2y!5^0̃ucb
†~ t,y!ca~x!u0̃&,

kab~x2y!5^0̃ucb~ t,y!ca~x!u0̃&. ~5!

The self-energy and the pairing field are defined by th
densities as

Sag~x2y!5@Vag,dered8~0!2Vae,dgred8~x2y!#gd8d
0 ,
ir
eo
e-

ed

e

Dag~x2y!5gaa8
0 ggg8

0 Va8d,g8ekde~x2y!. ~6!

The Fourier transform of the equations of motion forg and f
defined by Ggb5ggb8gb8b

0 and Fgb5 f g8b8gg8g
0 gb8b

0 is
given by

S ~v2h1m!ag 2Dag

Dag* ~v1h* 2m!ag
D S ggb

f gb
D5S dab

0 D , ~7!

whereh5a•k1b@M1S(k)#.
In the second step, we derive the equations for

Bogoliubov transformation amplitudes by expressingg and f
in Eq. ~7! in terms of them. We introduce the Dirac field i
the Schro¨dinger picture,

c~x!5
1

AV
(

l5~ks!
@alU~l!eik•x1bl

†V~l!e2 ik•x#, ~8!

to manipulate thet dependence. Here the normalization ofU
and V is chosen to conform to Ref.@20#. The Bogoliubov
amplitudes are defined by

Al5^0̃ualhl
†u0̃&, Bl5^0̃ub2l

† hl
†u0̃&,

Cl5^0̃ua2l
† hl

†u0̃&, Dl5^0̃ublhl
†u0̃&, ~9!

as the overlaps between the quasiparticlehl
† ,

H8hl
†u0̃&5Ekhl

†u0̃&, H8u0̃&50, ~10!

and the nucleon or the antinucleon. These give explicit
pressions forg and f :
ggb~v,k!5
1

v2Ek1 i e (
s

$uAlu2Ug~l!Ub* ~l!1uBlu2Vg~2l!Vb* ~2l!1AlBl* Ug~l!Vb* ~2l!

1BlAl* Vg~2l!Ub* ~l!%1
1

v1Ek2 i e (
s

$uC2lu2Ug~l!Ub* ~l!1uD2lu2Vg~2l!

3Vb* ~2l!1D2lC2l* Ug~l!Vb* ~2l!1C2lD2l* Vg~2l!Ub* ~l!%,

f gb~v,k!5
1

v2Ek1 i e (
s

$ClAl* Ug* ~2l!Ub* ~l!1DlBl* Vg* ~l!Vb* ~2l!1ClBl* Ug* ~2l!Vb* ~2l!

1DlAl* Vg* ~l!Ub* ~l!%1
1

v1Ek2 i e (
s

$C2lA2l* Ug* ~2l!Ub* ~l!1D2lB2l* Vg* ~l!

3Vb* ~2l!1D2lA2l* Ug* ~2l!Vb* ~2l!1C2lB2l* Vg* ~l!Ub* ~l!%. ~11!
The former describes the normal propagation and theDN
50 pairing, and the latter describes the ordinaryDN52
pairing. ThisDN50 pairing appears because Cooper pa
can be formed regardless of the sign of the single-nucl
energy. Substituting Eq.~11! into Eq. ~7! and defining the
matrix elements of the pairing fieldD as
s
n

D~l!5e2 ia1~l!Ua
†~l!DagTgbUb~l!,

D̃~l!5e2 ia2~2l!Va
†~2l!DagTgbVb~2l!,

d~l!5e2 ia2~2l!Ua
†~l!DagTgbVb~2l!, ~12!
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for the Fermi sea pairing, the Dirac sea pairing, and
DN50 pairing, respectively, with the phase factors asso
ated with time reversal@21#,

TU~l!5eia1~l!U* ~2l!,

TV~2l!5eia2~2l!V* ~l!,

T5 ig1g3, ~13!

we obtain the equation of the Bogoliubov amplitudes:

S v2Ek1m 0 2D~l! 2d~l!

0 v1Ek1m 2d~l! 2D̃~l!

2D~l! 2d~l! v1Ek2m 0

2d~l! 2D̃~l! 0 v2Ek2m

D
3S Al

Bl

Cl

Dl

D 50. ~14!

Here we used
e
i-

hagUg~l!5EkUa~l!,

hagVg~2l!52EkVa~2l!,

Ek5Ak21M !2,

Th* 5hT, TD* 5DT. ~15!

Note that we adopted notation such that Eq.~14! took the
same form as that of Ref.@12# and chose a phase conventio
such that all the matrix elements were real. Among the
genvalues,

v25S Ek
21m21

1

2
~D21D̃2!1d2D

2
1

2
A~4Ekm2D21D̃2!214d2@4Ek

21~D1D̃ !2#

~16!

corresponds to the Fermi sea pairing in the decoup
(d→0) limit.

In the third step, we expressk, and subsequently the ma
trix elementsD~l!, D̃(l), andd~l!, in terms ofAl –Dl . The
Fourier transform ofk in Eq. ~5! is given by
kde~v,k!52pd~v1Ek!(
s

$A2lC2lUe~2l!Ud~l!1B2lD2lVe~l!Vd~2l!

1A2lD2lUe~2l!Vd~2l!1B2lC2lVe~l!Ud~l!%. ~17!

Substituting this into the Fourier transform of the second equation of Eqs.~6! gives

D~l!52
i

2 E d3p

~2p!3

1

4EkEp
S 2gs

2

uk2pu21ms
2 @Tr$~k”1M !!~p”1M !!%eia1~l!AlCl

1Tr$~k”1M !!~p”̃2M !!%eia2~2l!BlDl#1
gv

2

uk2pu21mv
2 @Tr$~k”1M !!gm~p”1M !!gm%

3eia1~l!AlCl 1Tr$~k”1M !!gm~p”̃2M !!gm%eia2~2l!BlDl# D ,

D̃~l!52
i

2 E d3p

~2p!3

1

4EkEp
S 2gs

2

uk2pu21ms
2 @Tr$~k”̃2M !!~p”1M !!%eia1~l!AlCl

1Tr$~k”̃2M !!~p”̃2M !!%eia2~2l!BlDl#1
gv

2

uk2pu21mv
2 @Tr$~k”̃2M !!gm~p”1M !!gm%

3eia1~l!AlCl 1Tr$~k”̃2M !!gm~p”̃2M !!gm%eia2~2l!BlDl# D ,
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d~l!52
i

2 E d3p

~2p!3

1

4EkEp
S 2gs

2

uk2pu21ms
2 @Tr$g5~k”2M !!g0g5~p”2M !!g0%eia1~l!BlCl

2Tr$g5~k”2M !!g0g5~p”̃1M !!g0%eia2~2l!AlDl#1
gv

2

uk2pu21mv
2 @Tr$g5~k”2M !!g0gmg5~p”2M !!g0gm%

3eia1~l!BlCl 2Tr$g5~k”2M !!g0gmg5~p”̃1M !!g0gm%eia2~2l!AlDl# D , ~18!
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where bothgm in each line are covariant due to time revers
Here we usedA2lD2l52BlCl , and so on, derived from
the definition ofk, thes independence ofeia1(l)AlCl , and
so on, and

(
s

U~l!Ū~l!5
1

2Ek
~k”1M !!,

(
s

V~2l!V̄~2l!5
1

2Ek
~k”̃2M !!,

(
s

U~l!V̄~2l!52
1

2Ek
g5~k”2M !!g0,

(
s

V~2l!Ū~l!5
1

2Ek
g5~k”̃1M !!g0,

k̃5~Ek ,2k!. ~19!

Equations~14! and ~18! form a system of self-consisten
equations. The nucleon effective massM ! is determined by
the self-consistent condition for the scalar part of the s
energy, the first equation of Eqs.~6!,

M !5M2
gs

2

ms
2

g

2p2 E
0

Lc M !

Ap21M !2
Cp

2p2dp

1
gs

2

ms
2

1

p2 H M !3 lnS M !

M D2M2~M !2M !

2
5

2
M ~M !2M !22

11

6
~M !2M !3J , ~20!

within the relativistic Hartree approximation~RHA! in which
the divergence due to the Dirac sea is renormalized using
counterterms

Lct5a1s1
1

2!
a2s21

1

3!
a3s31

1

4!
a4s4. ~21!

Hereafter we suppress the arguments, and therefore the di-
rection ofk which defines the direction ofs, of the gaps and
the Bogoliubov amplitudes because they affect only
overall sign. The expression of the vacuum contribution
Eq. ~20! is taken from the nonsuperfluid case@20#. We will
discuss this later. Then the actual task is to solve the cou
equations~14!, ~18!, and ~20!. If we neglect the vacuum
fluctuation contribution in Eq.~20!, the system of equation
.

f-

he

e
n

ed

corresponds to that of Ref.@12#. Here we note that we adop
the Hartree approximation with or without the Dirac sea co
tribution as in the no-sea study of Ref.@5# although the Fock
terms are also included in Ref.@12#.

Now we proceed to the numerical results. The parame
used areM5939 MeV, ms5550 MeV, mv5783 MeV, and
gs

2562.89 for the RHA or 91.64 for the MFT,gv
2 579.78 for

the RHA or 136.2 for the MFT@20#, andg54 ~symmetric
nuclear matter!. First we look into the relative magnitudes o
the gapsD(k), D̃(k), andd(k). SinceAk andCk are domi-
nant among those associated with the eigenvalue, Eq.~16!,
D(k) andD̃(k) are much larger thand(k). From the defini-
tion of k in Eq. ~5!, two kinds of terms—one is antisymme
ric in spin space and even with respect to the inversion of
momentum, and the other is symmetric and odd—are p
sible in kde(v,k). If finite-range effects are neglected, on
six terms of the former type are possible as discussed in
@13#. They correspond to scalar, pseudoscalar, and fo
vector terms inkT. Among them, the scalar and the tim
component of the vector are dominant and conseque
D(k) andD̃(k) are determined by these two terms as poin
out in Ref.@13#. Basically this applies also to the calculation
of Ref. @12# and ours in which the terms of the latter type a
also included. In contrast,d(k) which measures theDN50
pairing is given by the pseudoscalar and pseudovector te
in kT. Since they containBkCk and AkDk , their typical
values are the order of 1025 MeV or less both in the RHA
and in the MFT. Therefore, as for the magnitude of theDN
50 coupling effect onD(k), our calculation does not agre
with that of Ref.@12#. The origin of this disagreement is tha
their Eq. ~54! does not have this structure, that differe
types of products of the Bogoliubov amplitudes appear
d(k). The present result indicates that the Fermi sea pai
and the Dirac sea pairing decouple in accuracy of 1026.
Accordingly, we use the expressions ford(k)50 hereafter.
Since the equations forAk andCk , decoupled fromBk and
Dk , are equivalent to a gap equation

D~k!52
1

8p2 E
0

Lc
v̄pp~k,p!

D~p!

A~Ep2EkF
!21D2~p!

p2dp,

~22!

the numerical task is greatly simpified to solving the coup
equations~20! and ~22!. Here v̄pp(k,p) is an antisymme-
trized matrix element of the adopted p-p interaction,

v̄pp~k,p!5^ks8,ks̃8uVups,ps̃&2^ks8,ks̃8uVups̃,ps&,
~23!
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whereV is the Fourier transform of the one in Eqs.~3!, with
an instantaneous approximation and an integration with
spect to the angle betweenk andp to project out theS-wave
component.

Next we compare the results of the RHA and the M
obtained by adoptingLc515 fm21 which is large enough for
the numerical integrations to converge~see Fig. 3!. These are
presented in Fig. 1. This shows that the Dirac sea contrib
to reducing the gap at low density while to enhancing it
high density. This can be understood as follows: Althou
both gs andgv are reduced in the RHA in comparison wi
the MFT, altogether they act to reduce the repulsion
shown in Fig. 2. Since both the low-momentum attract
and the high-momentum repulsion give positive contrib
tions to D(kF) as discussed in Refs.@15,16#, the above-
mentioned reduction of the repulsion leads to a reduction
D(kF) in the RHA. Besides, the low-momentum attracti
decreases steeply as the density increases especially i
MFT ~not shown!. This leads to a steeper reduction ofD(kF)
at high density in the MFT than in the RHA. Here we no
that this RHA calculation was done by assuming the sa

FIG. 1. Pairing gap in symmetric nuclear matter at the Fe
surface as functions of the Fermi momentum. Solid and das
lines indicate the results obtained by taking and not taking i
account the vacuum fluctuation contribution, respectively.

FIG. 2. Matrix elementv̄pp(k,kF) as functions of the momentum
k, with a Fermi momentumkF50.9 fm21. Solid and dashed lines
indicate the results obtained by taking and not taking into acco
the vacuum fluctuation contribution, respectively. The Bonn-B
tential for the1S0 channel is also shown by the dotted line.
e-

es
t
h

s

-

f

the

e

vacuum fluctuation contribution as the nonsuperfluid case
mentioned above. We believe that this approximation
practical because the effect of the pairing onM ! is negligible
numerically except at very low density. This indicates th
the bulk propertyM ! affects the Fermi-surface property, s
perfluidity, whereas the opposite is not true.

Since QHD is an effective theory of hadrons, form facto
or cutoffs related to the spatial size of hadrons might
necessary@22#. On the other hand, an important feature
the gap equation is that it has such a form that a short-ra
correlation is involved@23,24,9#. This leads to an oscillatory
behavior ofD(k) similar to that ofv̄pp(k,kF) as functions of
k @8,15,16#. Materaet al. found that their formulation for the
pairing gap gave a cutoff@13#. This is interesting in the re-
spect that both, which originate from the pairing correlatio
act to evade repulsion at high momentum. They reported
the values they obtained were 1.7– 1.9 fm21. These values
mean that the repulsive part was completely cut; see Fig
Since our formulation does not have any means to choo
cutoff as those of Refs.@5,12#, here we show the dependenc
of D(kF) at kF50.9 fm21, where it becomes maximum, o
the cutoff momentumLc as a free parameter. The result
presented in Fig. 3. This shows that the MFT result decrea
steeply as the cutoff decreases. This can be understoo
follows: The difference between the RHA and the MFT
the low-density case in Fig. 1 mainly comes from the diffe
ence in the magnitude of the high-momentum repulsion
other words, the contribution of the high-momentum rep
sion is more important in the MFT case. Consequently,
the cutoff momentum decreases, theD(kF) of the MFT cal-
culation decreases more. The plateaus aroundLc
52 – 3 fm21 in the RHA andLc51 – 2 fm21 in the MFT are
due to the sign change ofvpp around there~see Fig. 2!. A
comparison with the Bonn-B potential@25# which repro-
duced the maximum pairing gap accepted in nonrelativi
studies@15,3# is also shown in Fig. 2. This indicates that th
high-momentum repulsion of the MFT without a cutoff is to
strong and the low-momentum repulsion is too weak both
the RHA and in the MFT to give reasonable pairing ga
This is because the parameters of thes-v model are adjusted
to mean-field calculations to which only momenta below t

i
d

o

nt
-

FIG. 3. Pairing gap at the Fermi surface,kF50.9 fm21, as func-
tions of the cutoff parameter in the numerical integrations. So
and dashed lines indicate the results obtained by taking and
taking into account the vacuum fluctuation contribution, resp
tively.
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Fermi surface contribute as pointed out in Ref.@5#. A pos-
sible improvement in the p-p channel would be to take i
account the nucleon-antinucleon (N-N̄) polarization. Our
MFT case corresponds to the no-seas-v case in Fig. 4 of
Ref. @12#, but the gap values there are about twice larger t
ours. The origin of this difference might be the Fock cont
butions.

To summarize, we have studied two kinds of Dirac s
effects on the pairing gap in nuclear matter. One is
vacuum fluctuation effect on the nucleon effective mass
the other is the direct coupling between the Fermi sea pai
od

cl.

cl.

v

TP
o

n
-

a
e
d
g

and the Dirac sea pairing. The former is a bulk effect wh
the latter affects only the Fermi surface. Our calculation
dicates that the former is more important. The dependenc
D(kF) on the high-momentum cutoff was also discussed a
the MFT result has been shown to depend more strongly
it than the RHA one.

Discussions with Prof. M. Nakano and Prof. R. Tamag
are acknowledged. The author also thanks T. Tanigawa
calculating the Bonn potential. Numerical calculations we
done using the computer system of the Information Proce
ing Center, Fukuoka University of Education.
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