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Abstract

This paper investigates the expected agreement time of a probabilistic
polling game on a connected graph. Given a connected graph G with an
assignment of a value in {0, 1} to each vertex, we consider a polling game
on G that repeats the following m-polling forever, where m = (71, -+, ™)
is a stochastic vector, i.e., mp > 0, Z:zl 7 = 1: For k randomly chosen
vertices v with probability 7, synchronously and independently, update
their values to € € {0, 1} with probability N(e)/|'(v)|, where I'(v) is the
set of neighbors of v, including v itself, and N(e) is the number of vertices
in I'(v) whose current value is e. Given an initial value assignment, we
give some upper bounds on the expected number of m-pollings necessary
for the system to reach a global state in which all vertices have the same
value, by using a martingale theory. We, in particular, give a good upper
bound when G is complete. Note that some special cases are known as
Wright-Fisher’s and Moran’s models in population genetics.

Keywords: agreement problem, local majority polling, graph theory, Markov
chain, martingale.

1 Introduction

Let G(V, E) be a connected undirected graph with order |V| = n < co. We
assign, to each vertex v € V, a value {(v) € {0,1}. A global state is the set of
values that the vertices have and is denoted by & = (£(v1),---,&(v,)) € E =
{0,1}V. Let I'(v) = {v} U {u € V : {u,v} € E} be the set of neighbors of v,
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including v itself. The number of vertices having value € € {0, 1} at ¢ is denoted
by Ne(v,€), ie., Ne(v,e) = [{w € T'(v) : {(w) = €}| and

Ne(v,0) + Ne(v,1) = [I'(v)| forve V. (1)

Let m = (my,--+,m,) be a stochastic vector, ie., m > 0,57 m = 1.
This paper discusses a probabilistic polling game on G defined as a repetitive
execution of the following probabilistic procedure named w-polling: Let £ =
(£(v))vev € Z be the current global state. Then k randomly chosen vertices
v € V with probability 7, simultaneously and independently, update their
values £(v) to € € {0, 1} with probability Ne(v,€)/|I'(v)|. Note that the number
of ways to choose k vertices from n vertices is (Z) Then we see that the
(u1,uz, -, uy,)-polling is the uniformly random polling, where u; = () /(2" —1)
for i = 1,---,n. So that we call (uy,---,uy,)-polling uniform polling. The
probabilistic polling game defined by d,-polling was first introduced by Peleg
in connection with distributed agreement and other related problems, where
0k = (0k,1,- -+, 0k,n) is the stochastic vector satisfying that d; ; =1if k= j; =0
otherwise. We regard the game as an agreement process, where an agreement is
achieved when all vertices have the same value [8]. Recently Hassin and Peleg
[4] and Nakata et al. [6] independently studied the game. Nakata et al. [6]
discussed the game defined by dg-polling for £k = 1,---,n, while Hassin and
Peleg [4] concentrated on n-polling. Another slight difference is that in [4], the
set of neighbors I'(v) ezcludes v.

The probabilistic polling game defined by m-polling is naturally formulated
in terms of Z-valued Markov chain {X;},—¢1,..., where X; = (X;(v))yev whose
component X;(v) is the value of v at time ¢. We consider the probability space
(Q, F,P¢) with an initial state { € E, i.e.,, Pe{X, = £} = 1. For m-polling, the
transition probability from £ to 7 is given as follows:

p(&m) =p& N =) (2) > 11 Ng W), (2)

k=1 U:ACU€eSuby, (V) veU

where Suby (V) denotes the set of all k-(sub)sets X of V, i.e., Sub,(V) ={X C
V:|X| =k} and

_ _ 6(0)7 ifvdA,
n{A(v){ 1-¢&(v), ifveA

The following is a partial list of problems concerning this Markov chain:

(I) Except for two trivial absorbing states 0 = (0,---,0) and 1 = (1,---,1),
are all states £ € E transitive?

(IT) If the answer for (I) is YES, for a given initial state £, calculate the ab-
sorbing probability to 0/1, i.e., the probability that all vertices agree on
value 0/1.



(I11) Estimate the agreement time T necessary for the system to reach an ab-
sorbing state, where

T=inf{t e N: X, €{0,1}}. (3)

Under our definition of T'(v), i.e., v € T'(v), the answer for (I) is obviously
YES. Under the definition of I'(v) in [4], the answer for (I) is YES unless G is
bipartite. Hassin and Peleg, hence, studied non-bipartite graphs in [4].

As for (IT), letting Absorb(€,1) be the absorbing probability from £ to 1,
[4, 6] show that

Absorb(6,1) = Y [F(v)l/ Y T(w)l: (4)

veV:E(v)=1 weV

Now letting f : 2 — {0,1,---,2|E| + |V|}, consider the functional of X; for f,

that is
n=fX)= 3 I (5)
veEV: X (v)=1

By [4, 6], we have
F©) = p&n)fn). (6)

nek

Note that {X;}i=0,1,... is a Markov chain, however {x;}i=0 1,... is not Markov in
general. Using Eq. (6), we have the next theorem, which plays an essential role
in proving Eq. (4).

Theorem 1 ([4, 6]) Let {Fi}i=01,... be the filtration of Markov chain {X;}i=01,....
Then (x4, Fy) is a martingale. That is for any t
E5[$t+1|.7:t] = Tt Pg—a.s.,

where E¢[-] is the expectation with initial state €.

By virtue of Theorem 1, since T' = inf{t : Xt(k) € {0,1}} has the stopping time
property, we apply, to x;, the optional stopping theorem [5, Corollary 3-16] to
show

Absorb(€,1) - Z IT'(v)| + Absorb(&,0) - 0 = E¢[zr] = E¢[zo] = Z [T (v)].

veV veV:E(v)=1

Thus we have Eq. (4).

As for (IIT), let E¢[T] be the expected agreement time necessary for the
system to reach 0/1 from £. Then [6, Theorem 7] states that E¢[T'] satisfies the
following difference equations:

E¢[T] = Zp(&n)En [T]+1, Eo[T]=Eq[T]=0. (7)



Thus E¢[T] is computable by solving a set of simultaneous linear equations with
2™ — 2 variables, but obtaining its explicit form seems to be difficult.

Hassin and Peleg [4, Theorem 2| proposed an upper bound on the expected
agreement time for n-polling, by using another Markov chain H in [4] with state
space V.

Theorem 2 ([4, Theorem 2]) If the Markov chain H is reversible, then the
expected agreement time for d,-polling is O(M logn), where M is the mazimal
meeting time for two random walks on G.

Note that Markov chain H in [4] is always reversible under the current set-
ting. So O(n3logn) is an upper bound on the expected agreement time for
dp-polling (assuming the definition of neighbors in [4]), because the meeting
time is bounded by O(n?).

In this paper, we give an explicit upper bound on the expected agreement
time for m-polling (assuming the definition neighbors in this paper). The bound
depends on the initial global state £ as well as G, so that we can obtain, for
some initial global states, a better bound than a one depending only on G, such
as the bound O(n3logn) in [4].

The rest of the paper is organized as follows: In Section 2, we first discuss
general connected graphs and then complete graphs. The probabilistic polling
games defined by d1- and d,,-pollings on a complete graph are respectively known
as Moran’s and Wright-Fisher’s models in population genetics [1]. Thus -
polling on the complete graph is a natural interpolation of the above two models.
Concluding remarks are given in Section 3.

2 Upper Bounds on the Expected Agreement
Time
2.1 General Connected Graphs

Let us recall an integer valued stochastic process x; from =-valued Markov chain
X, discussed in Theorem 1. Let

Yt+1 = Tr41 — Tt (8)
which indicates the “efficiency” of polling at ¢.

Lemma 1 The following statements hold for y;.

(i) Y41 = >, IT(v)|—= > D(w)] Pe-as,

veEV: X (v)=0,X;41(v)=1 weV: X411 (w)=0,X;(w)=1
(i) E¢lye] =0 for any t and E¢lys1)F] =0 a.s.
Proof. Item (i) is obvious since the following equality holds:

eV :X(v)=1}uf{veV: X (v) =0,X¢q1(v) =1}
={veV: X)) =1}U{v eV : X;(v) =1, X441 (v) = 0}



Now we check Item (ii). Since (zy,F;) is martingale, E¢[z,] = E¢[zg] =
> vevig(w)=1 T'(v)| for any ¢. Hence by definition E¢[y] = 0 for any t. Be-
cause of Markov property of X; and Eq. (6), we obtain that

Eelyr1lF] = Ee[f(Xew1) — F(Xo)|F] = Ee[f(Xep1)|Fe] = f(Xe)
= D p(Xun)f() = f(X0) = f(X0) = (X)) =0 as.

So we have the desired results. g

We define the variance of y; as 07 = E¢[(y:)?], which represents the “speed”
of m-polling at time t. Clearly if o2 is small for any ¢ then the expected agreement
time is large. Remembering the definition of T' as Eq. (3), put the non-trivial
minimum of the variation

2

min

=min min o? > 0.
weN 1<t<T (w)

ag

Note that y; = 0 for ¢ > T'+ 1. For a technical matter, we define a new random

variable as
2(p) = tody, ift<T,
W) To? ift >1T.

min

g

Then we have the following lemma.
Lemma 2 (z? — 02(t),F;) is a submartingale.

Proof. 1t is clear that x7 —o2(t) is Fi-measurable and E¢[|f(X;)? —o2(t)[] < oo
for any t because of the finiteness of the graph. Since z; is Fi-measurable, we
have

E¢ |:x§+1 —ol(t+ 1)‘]‘3} =E; {%2 + 2Ty + yi — oL (t+ 1)’}}}(9)

= @} 4 25Be[ye1|F) + Bely 1| Fe] — Eelo? (t + 1)| 7
27 + Bely? 1| 7] — Eelo2(t + 1)| 7).

Now we consider the case of ¢ +1 < T. Then Eq. (9) is

2} 4+ Eelyp 1| Fi] — (t+ D)ok, > a7 —tohy, = o — o2(b).
On the other hand, we consider the case of t +1 > T. Then since y;41 = 0,
Eq. (9) is
JTE - E&[To-?nin|ft] = 3?? - TUz > Jff - UQ(t)v

min *

because T is Fi-measurable. So we have the desired results. g

Considering the structure of any connected graph, we estimate o2, as the
following proposition.



Proposition 1 Let d be the minimum degree of G, i.e., d = min,cy |T'(v)| — 1.
Then

ol > Zvrkk (2n —k —1). (10)

Moreover if the polling is uniform one, that is, m, = (Z)/( "—1) fork=1,---,n

then
9 3d

Tmin = I—9 iz (11)

Proof. By Item (i) of Lemma 1,

min — mlpEf Z |F(U)| - Z ‘F(w)| )
§(v)=1,X1(v)=0 §(w)=0,X1 (w)=1

where 2 = 2\ {0, 1}. By the definition of transition probability of Eq. (2),
2

02, = min Z”’“ 3 >ooorw- Y M)

§eE ACV £(v)=1,£4(v)=0 §(w)=0,64(w)=1

> [

U:ACUE€Suby (V) ueU

1]

n

= min Z% >y Yoot Y D)

$€= | k=1 W/ Uesub (V) ACU \£(v)=1,64(v)=0 £(w)=0,64 (w)=1
p et
P O]
For a fixed &, let
V' =V{ ={v eV :there exists w € T'(v) s.t. {(v) # &{(w)}. (12)

Then since £ € =, we have

[V'| > 2, Ne(v,0),Ne(v,1) > 1, Ne(v,0)+Ne(v,1) = |T(v)| > d+1, veV'.

(13)
Thereby we deduce that

n
Omin = min ZETT )OEEDIEDS
= €Suby (V) UNV'#£0 ACU

(]

u AU
rei- Y Tw) HW
0,64

£(v)=1.64(v)=0 £(w)=0,64 (w)=1 uevr

2



For each U € Suby (V) satisfying U NV’ # @, we put
2
Ne(u, €4 (u))
L) =3 > rwi- > rl) T =5
ACU \g(v)=1,¢4(v)=0 £(w)=0,64 (w)=1 welU

Letting any element v, € U NV’ we have that for A = A; U Ay
Ne(vs,62(v1))

- Ne (u, €41 ()
ey = 3 I e X T
1CU\{v.} ueU\{v«} A2 C{v.}

2
D) - > T (w)]

x 2
£(v)=1,641042 (1)=0 £(w)=0,£4142 (w)=1

Without loss of generality, assume £(v,.) = 1. Then since Ag is {v.} or 0, we
have the estimation of the part after the second summation in I¢(U) as
2

IT(v)| = > D (w)| |(14)

3 Ne(vs, €42 (v4)) 3
Ay C{v.} ‘F(’U*)‘ £(v)=1,641942 (v)=0 &(w)=0,641942 (y)=1
2
Ne(vy,0)
= T > Fwi- > P+ D)
T \sw=1eM (v)=0 £(w)=0,641 (w)=1
2
Ne(vs, 1)
TeoT >, W= > Tw)
T \sw=1eM (v)=0 £(w)=0,641 (w)=1

In general, for any real number z and r > 2,1 <w <r
)22—2 +2wr +wr = (z +w)? +w(r —w) > wr —w)

g(z—i—r)Q—i— (1— —
T
By Eq. (1), letting

> IT(0)| = > T (w)l,

§(w)=0,£41 (w)=1

r = |['(vs)], w = Ne(vy,0),

z =

£(v)=1,641(v)=0
we see that Eq. (14) is greater than or equal to N¢(vs, 0)N¢(vy, 1). Therefore

u, E4 (u
Ne(w ONe(wt) | 3 [ Nl

3
A1 CU\{vs} veU\{v.} ‘F(u”

IU) =
=d.

- N(v*vo)Né(v*v )>1(d+1_1)

Note that the above inequalities hold, by v, € V’ and Eq. (13). Hence
min HU € Subp(V): UNV’ # 0}

D D SR S —dZ i

Omin = (n)
$€E k=1 K vesub, (V) Unv'#£0



Y

d n
=TT kazn— —1).
(n—

So we have Eq. (10). Tt is clear that Eq. (11). g

By Lemma 1 and Proposition 1, we have the following theorem:

Theorem 3 Let n and d be the order and the minimum degree of G, respec-
tively, and let E¢[T] be the expected agreement time of the probabilistic w-polling
game on G with an initial global state €. Then for any 1 < k < n,

n(n—1)
Yo mk(@n—k—1d\ L weVig(w)=1
(15)
Moreover if the polling is uniform one, that is, T, = (Z)/(Q”—l) fork=1---'n
then

_9—n+2
R D S YOI I D DR 0!

veV:£(v)=0 weV:E(w)=1

Proof By using Eq. (4) for initial state £ € 2, we obtain the expectation
of 27 for t =0 and T' = inf{t € N : X; € {0,1}} respectively:

2

=<ZT(U)I> Y. Pl |, Eefef]= Y Ir)

veV weV:€(w)=1 veV:£(v)=1
(16)
By Lemma 1, we hence apply the optional stopping theorem [5, pp 69,
REMARK] to 27 — 02(t) to have

By using Eq. (16) we have
E¢[22] — E¢[a3] 1
Belr) < L 0 — | S |T() >, [P
min min-\ yev:£(v)=0 weV:§(w)=1

(17)
By virtue of Proposition 1, we finally obtain Eq. (15). g

As we mentioned, Hassin and Peleg [4] adopt, for d,-polling and any vertex v,
the neighborhood I'(v) that does not include v itself. For their setting, that is for

dg:lz’“){UeSubk( ) : Uﬂ{vl,vz};éqjﬂ_d;(z){(Z)_(n;Z)}



non-bipartite graphs, we can obtain a similar result in analogy with Proposition
1 and Theorem 3:

veV:§(v)=0 veV:ig(v)=1

where d(v) and A(v) are the degree of v and
A(v) = {w € T(v) \ {v} : {(w) = 1}[{u € T(v) \ {v} : {(u) = O}

respectively. Since the order of right hand side of Eq. (18) is O(n*), this bound is
weaker than Theorem 2. However for some subclasses of graphs, we can obtain
better bounds for d,,-polling.

Corollary 1 (dense) Ifd = O(n) then

m?XEf[T] = 0(n?), (19)

where d is the minimum degree.

(non-dense) If D = O(1) then max¢ E¢[T] = O(n?), where D is the mazimal
degree of the graph, that is, D = max,cy d(v) = max,cy [['(v)] — 1.

2.2 Complete Graphs

When G is a complete graph, a global state is characterized by the number of
1’s (i.e., vertices with value 1) in it. We therefore use the global state space
S =1{0,1,---,n} instead of = = {0,1}V. By the definition of m-polling, an S-
valued Markov chain, Z;, is associated. Let p(4,j) be the transition probability
from global state i € S to j € S, that is

p(i,j) = P{Zi11 = j|Z; = i}. (20)

Lemma 3 p(i,j) =1, if (i,5) € {(0,0), (n,n)},

min{k,i}

o " n—a\ (i k i\ i\ Rt

T o I 16 o
k=1 (k l=max{0,k+i—n} k=1 ! ‘777]+l K K

(21)

zf{(z,]) 1 <i<n-—1, i—min{ki} < j < k+i— max{0,k + i —

n} for some k with m, > O}, and p(i,7) = 0 otherwise.

Proof. By definition p(0,0) = p(1,1) = 1 holds. The distribution concerning
m-polling is hypergeometrical: Let us randomly select k vertices from V with
probability 7 constructed by i vertices with value 1 and n — ¢ vertices with



value 0. Then the probability that exactly [ vertices in the selected k vertices

have value 1 is .
n—1\ 1\ /n\
GG @)

where max{0,k +i—n} <! < min{k,i}. Let m be the number of vertices with
value 1 after updating the selected k vertices. The probability of obtaining m
vertices with value 1 is calculated by the binomial distribution with parameter

i/n, that is,
k i m i k—m
) (-t . 0<m<k, (23)
m/) \n n

because of the completeness of the graph. Moreover the changing number of
vertices with value 1 is m — [ for the update. On the other hand, assuming
the transition from i to j, we have that m = j — i 4+ [. Since the events of
selecting and updating are independent, the transition probability is the sum
of the product of Egs. (22),(23) for possible terms. Hence we have Eq. (21).
Clearly the probability is 0, otherwise. g

By Lemma 3, the transition probabilities for §;- and §,-pollings are

(i/n)2 + (1 —i/n)?, fori=jics,
p(i,j) = i(1—1i/n)/n, forj=i+1,i—1,i=1,---,n—1,
0, otherwise,

= () () e

These probabilities are known as Moran’s and Wright-Fisher’s models in
population genetics, respectively (E.g., see [1] and [7, Examples 5.1.3 and 5.1.4]),
and their expected agreement times are well-known [7, pp 178]:

(61-polling) E,,[T] = —n*{plogp + (1 —p)log(1 —p)}(1+o(1)) = O(n?).
(0n-polling) E,,[T] = —2n{plogp + (1 — p)log(1 — p)}(1 + o(1)) = O(n),

where p € (0,1) is the ratio to n of the number of 1’s in the initial state. The
following theorem that treats m-polling is an “interpolation” of them.

Theorem 4 Let T°™? be the agreement time for w-polling on n-complete graphs
with an initial state satisfying that the proportional ratio of the number of 1’s
in the state ton is p € (0,1). Then

n?(n—1)(1 +o(1))

E,,[T°""] = —2{plogp+ (1 — p)log(1 — p)} ST k(2n—k 1)’

(24)

Moreover if the polling is uniform one, that is, m, = (2)/(2"—1) fork=1---'n
then

By [T = < {plogp-+ (1~ p)log(1 —p)} (L + o). (29)

10



Some properties are needed for the proof of Theorem 4. Recalling Eq. (20),

let Wyyq = Z;. Then we also use the following facts:

n, E[W{] =0 and

”n<1n>

-,n then

Zt+1 -

Lemma 4 Foranyt=0,1,---and k=1, ---,

E(W)?|Z, =i =)

k=1

1) for k =

B2 =) = gz (1)

’/TkaTlf
n—1

Moreover if m, = (}) /(2" —

Proof.

(26)

(27)

It is clear that E[W;] = 0, since E[Z;] is independent of ¢. It is well-

known that the first and second moments of binomial and hypergeometrical

distributions is the following:

%()

- )7 = kp,

03'2 (?)pj(l —p)* 7 =kp{(k —1)p + 1},

Jj=

min{k,i} . - ]
ED SENT (T
(k) I=max{0,k+i—n} a !
min{k,i} - ; ] ;
N a(n—i\ (1) _ki(,  (k=D(-1)

l=max{0,k+i—n}

Using Lemma 3, fori=1,---,n—1

E[(W,)?|Z; = i| + 4% = E[(Z,41)%|Z, = i] =

ZJPZJ

1)) . (30)

z": m mig’”‘ (n—z) (z) ’“i*l " IR
3 A
=1 (k) I=max{0,k+i—n} k—1)\l P j—i+1 n n

Letting A = Y3571 72(, 4, ) ()77 (10— 4
k SN\ J S\ k—J
SERBIONGH
= j n n
(o) {o
12— 2 ( kz) I+

A

ki

11

YT by B (28),

+1}+2(z‘l)k (;) +(i—1)2

{(k—l);+1—|—2i}—|—i2.

)kj+il



By Egs (29) and (30),

B == Y om {2 (14 CEDEDY By 240

n—1 n n
k=1

+m<(k—1)z+l+2i>}: 7T’“]“(27”‘_1“1)’(1—’).
n n — n—1 n n

Moreover Eq. (27) is straightforward. g

The proof of Theorem 4 is essentially due to [1, pp 75]. The method is based
on an approximation of the solution of Eq. (7) for the transition probability in
Lemma 3. Now we follow [1, pp 75] as the proof.

Proof of Theorem /. For sufficient large n, put i/n = p > 0. Assuming that
Zy =i and letting W = W, /n, we have by Lemma 4,

mek(2n —k — 1)

EW] =0, EW?* =) D)

p(1—p).
For large n we can regard Ty (i) as T'(p) which is twice differentiable. Then
Eq (7) is that
Tp)=E[T{p+W)]+1, 0<p<l, T0)=T(1)=0.
Using the Taylor expansion of T'(p + W),

T(p) = E[T(p+W)]+1=E[T(p)+ T (p)W +T"(p)W?/2+o(W?))] + 1
= T(p)+ T (PEW] +T"(p)E[W?)/2 + o(B[W?]) + 1.
So we obtain
n%(n—1)(1+o(1)) 1
Yorey mkk(2n —k —1)p(1—p)’
Now by the boundary conditions T'(0) = T'(1) = 0, we have that

T"(p) = -2

n?(n —1)(1+ o(1))

T(p) = 2(—plogp — (1 — p)log(1 _p))ZZﬂ k(2 —k 1)

Eq. (25) is straightforward. g

3 Conclusion

In this paper, we gave some upper bounds on the expected agreement time of
the probabilistic polling game defined by m-polling.

If the graph is uniformly dense or non-dense then the order of expected
agreement time seems not to be so large by Corollary 1. Therefore we conjecture

12



that a pair of a graph and an initial global state for it that achieve the worst
expected agreement time is given in Fig. 1. The graph there is called barbell
graph, which consists of two copies of n/3-cliques connected by a path graph of
length n/3. In the initial global state, the vertices with value 0 (1) are colored
white (black). Hence there is only one edge connecting vertices with different
values.

n/3 n/3 n/3

Figure 1: A barbell graph: two copies of n/3-cliques are connected by a path
graph of length n/3. Vertices with value 0 (1) are colored white (black).
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