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Abstract

This article is a follow-up to a previous Gazette article that ex-
amined the length of a winning tennis game, as studied by Cooper
and Kennedy (2021). Let X denote a random variable representing
the length of a tennis game under standard rules. Using random
walks, we present simple expressions for the probability distribution
P(X = k), the expectation E(X), and the variance Var(X). In ad-
dition, we derive the expected values of the maximum and minimum
lengths across n games, together with asymptotic approximations for
these quantities.
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1. Introduction

Consider players A and B playing tennis. For 0 < p < 1, let p denote the
probability that player A wins the next point. A game ends when either
player A or B scores at least four points with a two-point margin. The rules
for points and games are assumed to follow the standard scoring system, as
described in [0, Section 2| and Liu [B, Section 1]. Stewart [B, Section 2.4,
p. 23] gave

15p* — 34p° + 28p° — 8p7
1—2p+2p? '

P(player A wins a game) =

Liu [B, Section 2.5, p. 159] also showed it using random walks. Let X be a
random variable representing the length of the game. Cooper and Kennedy
(@, Section 3, p. 494] proved

4(1 — p+ p*+ 6p® — 18p* + 18p° — 6p°)

B(X) = 1—2p+2p2 ‘ M

However, the calculations seem complicated because the Cayley-Hamilton
theorem for large matrices is used. In this article, following [B], we present a
simpler approach based on random walks and provide simple expressions for



the distribution P(X = k), the expectation E(X), and the variance Var(X).
Letting g =1 — p and
r=pq, (2)

we show that not only (@) but also Var(X) can be expressed in terms of r
rather than p (see Theorem M). Moreover, we provide the expectations of the
maximum and minimum lengths for n games (see Theorem B). Finally, we
explore simple asymptotic estimates for these expectations (see Theorem B).

2. The distribution of the length of winning a game

To begin, we examine the properties of the parameters p, ¢, and r. Since
0<p<l1l,p+q=1,and (B), it follows that

PP+’ =1-2r
pP+q¢®=1-3r, (3)
pt+qt=1—4dr +2r2

and
0<r<

: (4)

While the points in tennis are traditionally expressed as {0, 15, 30,40}, we
simplify them to {0, 1, 2, 3} for clarity. We consider a pair of points for players
A and B as a state (a,b) for a,b € {0,1,2,3}, and we introduce additional
states “A’s game”, “Ad-in”, “Deuce”, “Ad-out”, and “B’s game”, which
appear as ovals in Figure 0. Each state, except “A’s game” and “B’s game”,
transitions with probability p or ¢ as shown in Figure . We investigate a
Markov chain with two absorbing barriers “A’s game” and “B’s game”. In
this setting, X can be regarded as the absorption time with the initial state
(0,0). For simplicity, denoting the states that are ovals in Figure 0 by

S,

(A’s Game, Ad-in, Deuce, Ad-out, B’s Game) = (4, 3,2, 1,0),

we treat it as the gambler’s ruin problem (cf. Grimmett and Stirzaker [@,
Section 1.7.4, p. 18]). The following lemma is used to calculate the probability
of winning a game of tennis.

Lemma 1: Let ny,n9,... be independent and identically distributed random
variables with P(n, = 1) = p and P(n, = —1) = ¢q. We consider a random
walk Y, = ZZZl k. Let ay,b,, and ¢, be the probabilities that the random
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Figure 1: The transition diagram for the tennis game

walk first visits {0,4} at the nth step when the initial states are 1,2, and 3,
respectively. More precisely,

b = P(Y, € (0,41, ¢ {0,4),0 <1 < nf¥p = 1),
b, =P(Y, €{0,4},Y; £ {0,4},0 <i < n|Y, = 2),
Cn = P(Yn S {0v4}7}/; ¢ {074}:0 <1< n’YE] = 3)

Then it follows that
bo = (1 —2r)(2r)F Y fork=1,2,.... (5)

Proof: When k = 1, (B) holds because of (B). Now, assume that k& > 2. By
the first step analysis, we obtain

( | pbog_o for k>2,
Gok-1 = { q for k =1,
b _J peak—1 +qagg—y for k > 2,
x0T P4 for k=1,
c | gbop—p for k > 2,
\ kT p for k = 1.



Therefore, it follows that

bk = 2pabagi—1) = (2p0)*ba—2) = -+ = (2pg)" b2 = (2pg)" ' (0 + ¢%).
Applying (B) and (B) to by proves (B).

Remark 1: We note that (H) can be interpreted as a geometric distribution

with parameter 2r when states 1 and 3 are identified, as well as states 0 and
4.

Using Figure @ and Lemma O, we see the distribution of X as follows.

Lemma 2: An arbitrary tennis game ends with an even number of steps,
except when X = 5. More precisely, we have P(X € {2m:m =2,3,4,...} U
{5}) =1 and

1 — 47 + 22 for i =4,
P(X =i) =4 4r(1 —3r) for i =5, (6)
5r(1 —2r)(2r)™ 2 fori=2m, m =3,4,5,....

Proof. Figure [ yields X > 4. Let £44 be a point of player A at the 4th step.
We then have P(£44 = i) = (?)piq‘“i for i € {0,...,4}, and the state of the
Markov chain is (§44,4 — €a4). By using €44, all games are classified as one
of the following.

e A case where a game ends at the 4th step: Since {X = 4} is the event
of four consecutive points, we have

P(X =4) =P(Eqs € {0,4}) = p* + ¢* 1 — 4r + 202

e A case where a game does not end at the 4th step: The Markov chain
isin (1,3),(3,1), or (2,2) at the 4th step.

— A case where a game ends at the 5th step: Since it is in (1,3) or
(3,1), we have

P(X =5) = P(§as =1)P(X = 5|44 = 1)
+P(§as = 3)P(X = 5[€aq = 3)

= dpq(p® +¢*) 2 ar(1 - 31).



— A case where a game does not end at the 5th step: The game ends
with an even number of steps for the following reasons.

« If it is in “Deuce (2,2)” at the 4th step, then (H) whose period
is two is applicable.

« If it is in (1,3) or (3,1) at the 4th step, then either the game
ends at the 6th step or it visits “Deuce (3,3)” at the 6th step.

When m > 4, since

P(X = 2m’€A4 = 1) = P2bz(m73)
P(X = 2mlEas = 2) = by 5
P(X = 2m|fas = 3) = ¢*bo(m—3),

we have

3
P(X =2m) = > P(éas=)P(X =2m|as = i)
=1
= 4pg® X p*bam—s) + 6P’ X bopm—2) + 4p°q X ¢ ba(m—3)
m—2 @) m—
= 5pa(p® + ¢*)(2pq)™? = 5r(1 —2r)(2r)" 2,

which proves (B). The case of m = 3 of (B) can be proved by direct
calculation.

Lemma B provides both E(X) and Var(X).

Theorem 1: The expectation and the variance of the length of the tennis
game X are

4(1 —r+6r3)
B =
4r(1 —r + 3672 — 60r3 — 14415)
Var(X) = =2 ,

respectively. Moreover, we have the following.

e When r = 0, namely, p € {0,1} holds, E(X) and Var(X) attain their
minimum values 4 and 0, respectively.

e When 7 = 1, namely, p = ¢ = ; holds, E(X) and Var(X) attain their

maximum values 2747 = 6.75 and % = 7.6875, respectively.
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Proof: By noting 0 < 2r < %, a direct calculation yields

E(X) = 4(1 —4r +2r*) 4+ 20r(1 — 3r) + 5r(1 — 2r) i 2n(2r)" 2

n=3
= 4+4r—52r* +5(1 —2r) {Zn(Qr)”l -1- 47«}
n=1
Al —r+6r?)
B 1—2r
Since
E(X(X -2))
= 8(1 —4r +2r%) +60r(1 — 3r) + 5r(1 — 2r) Z 2n(2n — 2)(2r)" 2
n=3
= 8+ 28r — 1647 + 20r(1 — 2r) {Z n(n —1)(2r)" 2 — 2}
n=2

42 —r —r2 4+ 72r% — 84r%)
(1 —2r)? ’

the variance is
Var(X) = E(X2) — {E(X)}? = B(X(X - 2)) — E(X)(E(X) - 2)
4r(1 — r + 3672 — 60r3 — 14479)
(1 —2r)2 )

Putting f(r) = E(X), we see f'(r) = % > 0for 0 <r < 1. Hence

the minimum is f(0) = 0 and the maximum is f (}1) = %. Similarly, putting
g(r) = Var(X) we obtain
4 (115275 — 8647542407 — 31213+ 1082 +1)

glr) = (1—2r)?

Since the polynomial of r in the brackets of the numerator is
1152r%—8647°4-240r* —312r3+108r°+1 > 14-108%(1—4r)+240r* (1—4r)+1152r° > 0,

we see ¢'(r) > 0 for 0 < 7 < %. Hence the minimum is g(0) = 0 and the

maximum is g (%) = %3.



Remark 2: If we use p instead of  in E(X) in Theorem [, it becomes equiv-
alent to (O). The fact that the maximum of E(X) is 6.75 has been shown in
[, p. 494].

3. The mazimum and minimum lengths for n games

We examine the maximum and minimum lengths of the games when the
game is repeated independently n times. Let X, , and X,,,, denote the mini-
mum and maximum values, respectively, among the lengths of n independent
games. Namely, letting Xy, X5, ..., X,, be the independent copies of the ran-
dom variable X, they are defined as follows:

X1, =min{X;, Xo,..., X,} and X,,=max{Xy,Xs,...,X,,}.

To see the distributions of X, ,, and X, ,,, we calculate the tail probability of
X. It follows from (B) that

1 for i € {0,...,4},
. 4r —2r?  fori=>5
> e ’
P20 =19 192 for i = 6, (7)

5r(2r)™=2 fori € {2m —1,2m}, m =4,5,6,....

The distribution is light-tailed and resembles a geometric distribution.
In general, if ¢ is a nonnegative integer valued summable random variable,
then we get

B¢ =) PE>k)=> P>k (8)

(see [@, Problem 3.11.13 (a), p. 90]). By applying (@) to (8), we can derive
E(X) more easily in the following way.

B(X) = ) P(X>k)=4+(4r—2r%) +10r* +2 x 5r Y _(2r)"?
k=1 m=4
10r(2r)2  4(1 —r +61r3)
= 4+4 2 = :
+4r + 8r° + 1= o

We derive the probability distributions and expectations of X, and X, ,.



Theorem 2: The distributions of the minimum length X ,, and the maximum
length X, ,, for n games are

P(Xl,n = Z)
1— (4r — 2r2)" for i = 4,
= (4r — 2r%)™ — (10r%)" for i =5, 9)
{5r(2r)™=2}" — {5r(2r)™"1}" fori=2m, m =3,4,5,...,
P(X,,=1)
(1 — 4r + 2r%)" for i =4,
= (1 —10r%)" — (1 — 4r + 2r%)" for i =5, (10)

{1—5r2r)™ 1" — {1 — 5r(2r)™2}" fori=2m, m =3,4,5,...

respectively. Moreover, the expectations are

B(Xi,) = 4+ @4r)" (1—%)”+(1or2)n (1+%), (11)

E(Xpn) = 6—(1—4r+2r*)" — (1 —10r%)"
+2> [1={1=5r(2r)"*}"]. (12)
m=0
Proof- Let i > 0 be an integer. Since

P(X,,>i) = P(X;>i,...,X,>i)={P(X >4)}"

1 for i € {0,...,4},
@ (4r —2rH)»  for i =5,
B (10r%)" for i = 6,

{5r(2r)™=2}" fori € {2m —1,2m}, m =4,5,6,....

and P(X,, =i) = P(Xy1,, > 1) — P(X1, > i+ 1) for i > 4, we have (8). It
follows that

oo

E(X1,) 2 ip(xm > k) = 4+ (dr — 22" + (10°)" +2 x (5r)" 3 _{(2r)"}
k=1 m=4
= 4 (4 — 20" 4 (105" + —12(_2(2;);
= 4+ (1- £>n +(10r2)" <1 + %) .
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From (@) we have

0 for i € {0,1,2,3},
) 1—dr+2r*  fori=4,
PX=i) =1 1 _qp for i = 5,
1—5r2r)™ 1 forie {2m,2m+ 1}, m=3,4,....
Since

P(X,n<i) = P(X;<i,.... X,<i)={P(X<i}"

0 for 1 € {0,1,2,3},
B (1 —4r+2r%)"  fori=4,
N (1—10r2%)" for i =5,

{1 —5r2r)™ 1" forie€ {2m,2m+1}, m=3,4,....

and P(X,, =) = P(X,, <i) —P(X,, <i—1) for i > 4, we have (IO).
Similarly, it follows that

E(Xn) = i {1 - P(Xpn < i)}
= 6—(1—4r+2r)" — (1 —10r*)" 42 i [1—{1-5r(2r)™2}"].

We provide simple asymptotic evaluations of both E(X3.,) and E(X,.,).

Theorem 3: Suppose 0 < p < 1. Then we have

E(X1,) = 4+o0(1), (13)
B(Xpm) = %+0(1), (14)

where o(+) and O(+) denote the standard Landau symbols, with o(1) converges
to 0 as n — oo, and O(1) indicating boundedness.

Proof: Note that 0 < r < 411 because of 0 < p < 1 and (@). Let n > 1 be an
integer. It follows that

2(2r)"

0<4r <1 B S
=4 1—(2r) —

<1-

5
<1, 0<1Or2<§, and 0 <

oo

r
2



Applying them to () yields (C3). Next, we prove (I4) from (I2). Note that
6 — (1 —4r + 2r?)" — (1 — 10r?)" is bounded. Hence, if

[e.e]

logn log(2.5) {1 5p(opmi1”
—log(2r) St —log(2r) = n;) (1= {1 =5 2™ (15)
logn  1-10r* -4
— —log(2r) —log(2r)

holds, then (Id) is shown, where v = 0.5772... is the Euler-Mascheroni
constant. In the following, we check (IH). Let m > 0 be an integer. Putting

)
A= —log(2r) >log2 and O<c:log§ <1,

we have 2r = e, 57 = e7*¢, and 1—{1 — 57(2r)"2}" = 1— (1 — e Mm+3)+e)

Since z +— 1 — (1 — e"\”C)n is strictly decreasing for x > 0, it turns out that

1— (1 _ ef)\ath)n <1-— (1 . 6—A(m+3)+c)” <1-— (1 . 6,/\(171)+c)n
form+3<z<m+4.

Integrating over = from m + 3 to m + 4, and summing for m > 0, yields
/ 1 — (1 . 6—)\$+c)ndx S Z {1 . (1 o e—A(m+3)+C)n}
3 m=0
< / 1—(1—e )" da.
2

For (IB) to be meaningful, we must discuss the convergence of the improper
integrals. Let us suppose 2 < a < b. We then have —\a + ¢ < —alog?2 +
logg < logg < 0. Therefore, it follows that

(16)

176—)\b+c n—1 176—)\b+c

b n 1—u" 1
1—(1—e M) dt = / ——du = — / 'd
/a ( ¢ ) 1_67)\a+c A(]. - u) Y A Z 1 e*)\a+c wau

1 n 1— —Ab+e\l 1— —Aa+c\l - Hn
Z ( € ) = € ) bogo Hin
=1

_ 1 1
A I A

where H, = >} _, % From this calculation, we see that the improper inte-
grals in (I@) exist. Note that the finite sum is bounded by

=1
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Hence, when a = 2 and a = 3, it turns out that

> n H, 1—e e H, 1—10r2
/ 1= (1—e?) g < 2t o =5 = S
9 A A —log(2r) —log(2r)
and
> ESVITR H, 3\—c H, log(2.5)
1—(L—e ) "dt > =" — = -3
/3 (1-e ) A A —log(2r) Tz log(2r)

By applying them to ([H) and the inequality logn < H, < logn + v, we
obtain (I3).

3.1. Concrete bounds for E(X,, )
If (3) is used, then E(X,,.,) is bounded by

logn log(2.5)
—log(2r) = —log(2r)

logn _1—107"2—7
—log(2r) —log(2r) |

6—(1—4r—|—2r2)”—(1—107“2)”+2{

< E(Xnn> <6— (1 —4r + 2r2)” — (1 _ 107,2)n + 2{

In particular, when r = %, ie,p= %, it follows that

1\" 3\" 5
21 =) == 2log, —
omn=(5) = (3) +20om
1\" 3\" 3
< E(X,n) <2logyn — s) —\g + 6+ 27—1 log, e,

more specifically, we have

9.2 E(X10:10) < 13.3,
15.9 < E<X100:100) <19.9,
22.5 < E(Xigo0:1000) < 26.6,
29.2 < E(Xi0000:10000) < 33.2.

Under this idealized model, the expected maximum length E(X,,,) remains
relatively modest, even when p = %, due to the light-tailed nature of the
distribution of X (see (I2)).
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